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Doubly heavy baryonsVQQ8 versusJQQ8 in sum rules of nonrelativistic QCD
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In the framework of two-point sum rules of nonrelativistic QCD, the masses and couplings of doubly heavy
baryons to the corresponding quark currents are evaluated taking into account Coulomb-like corrections in the
system of a doubly heavy diquark as well as the contribution of nonperturbative terms determined by the quark,
gluon, mixed condensates, and the product of gluon and quark condensates. The introduction of nonzero light
quark mass destroys the factorization of baryon and diquark correlators even at the perturbative level and
provides the better convergency of sum rules. We estimate the differenceMV2MJ5100630 MeV. The ratio
of baryonic constantsuZVu2/uZJu2 is equal to 1.360.2 indicating the violation ofSU(3) flavor symmetry for
the doubly heavy baryons.
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I. INTRODUCTION

Testing the QCD dynamics of heavy quarks in vario
conditions provides us with a qualitative and quantitat
knowledge that allows us to distinguish fine complex effe
caused by the electroweak nature ofCP violation or physics
beyond the standard model. The list of hadrons contain
the heavy quarks, as available to the experimental obse
tions and measurements, was recently enriched by a
member, the long-livedBc meson, in addition to the heav

quarkoniab̄b andc̄c as well as the mesons and baryons w
a single heavy quark. This success of the Collider Detecto
Fermilab Collaboration in the first observation of theBc me-
son @1# was based on the progress of the experimental te
nique in the reconstruction of rare processes with he
quarks by the use of vertex detectors. This experience
ports the hope to observe other rare long-lived doubly he
hadrons, i.e., baryons containing two heavy quarks. As
pected they have a production rate@2# and lifetime@3# simi-
lar to theBc-meson ones.

In the present paper we investigate the two-point s
rules @4# of nonrelativistic QCD~NRQCD! @5#. The light
quark-doubly heavy diquark structure of baryon leads to
definite expressions for baryonic currents written in terms
nonrelativistic heavy quark fields. To relate the nonrelativ
tic heavy quark correlators to the full QCD ones we need
take into account the hard gluon corrections by means
solving the renormalization-group equation known up to
two-loop accuracy.

The convergency of sum rules results are essentially
proved by taking into account a nonzero light quark ma
i.e., in the case we consider in the present paper in con
with similar studies of two-point sum rules for the doub
heavy baryons with a light massless quark@6,7#. As was
mentioned in Ref.@7#, a better stability of sum rules can b
achieved by destroying the baryon-diquark factorization
the correlators. Indeed, an essentially improved accurac
estimates was obtained due to taking into account the n
0556-2821/2001/64~1!/014002~12!/$20.00 64 0140
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perturbative interactions caused by higher-dimension op
tors, lifting the diquark-baryon factorization, in contrast
the consideration in Ref.@6#, where a significant uncertaint
of results was observed in full QCD sum rules with no pro
uct of quark and gluon condensates. This uncertainty app
in two quantities. First, the baryon mass, estimated from t
scalar correlation functions defining the two-point correlat
has the stability with respect to the variable of sum rules
the single correlator only, while the other correlator results
the value showing no stability@6#. Second, the baryon cou
pling constants have the stability regions in both correlat
functions, however, the estimated optimal values differs b
factor of 2–8 depending on the flavors of quarks compos
the baryonic current. This fact shows a bad accuracy in
evaluation of coupling constants, though the dependence
the threshold energy of hadron continuum is quite slow, a
it is negligible in comparison with the systematic uncertain
related to the strong deviation of estimates from two cor
lation functions. So, the stability regions in Ref.@6# were
determined from the consideration of coupling constants
used to evaluate the baryon masses, whose estimate
quite stable under the variation of continuum threshold, R
@6#, while such a method of mass evaluation involves
additional uncertainty. We follow the NRQCD sum rules f
the double heavy baryons in Ref.@7#, including the higher
quark-gluon condensates, which improve the accuracy of
timates, since both correlation functions give close values
baryon coupling constants, and the baryon masses coin
in calculations from two correlators in the region of stabili
for the coupling constants. We show that for the stran
VQQ8 baryons the factorization of baryon and diquark cor
lation functions is broken already in the perturbative lim
that allows us to introduce a new criterion for the determ
nation of baryon masses since we observe the stability
sum rules for the masses obtained from both correla
standing in front of two independent Lorentz structures
the spinor field ofVQQ8 .

Moreover our choice of baryonic current is convenient
take into account theas /v Coulomb-like corrections@8# in-
©2001 The American Physical Society02-1
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side the doubly heavy diquark.
In Sec. II we describe the scheme of calculation. There

define the currents and represent the spectral densities i
NRQCD sum rules for various operators included into
consideration. The numerical estimates in comparison w
the values obtained in potential models are given in Sec.
The results are summarized in the Conclusion.

II. NONRELATIVISTIC QCD SUM RULES FOR DOUBLY
HEAVY BARYONS

A. Description of the method

In order to determine the masses and coupling const
of baryons in sum rules, we consider the two point corre
tors of interpolating baryon currents. The quantum numb
of doubly heavy diquark in the ground states are given by
spin and parity, so thatj d

P511 or j d
P501 ~if the identical

heavy quarks form the diquark then the scalar statej d
P501

is forbidden!. Adding the light quark to form the baryon, w
obtain the pair of degenerate statesj P51/21 and j P53/21

for the baryons1 Jcc
L , Jbc

L , Jbb
L and Jcc*

L , Jbc* L , Jbb* L

with the vector diquark, andj P51/21 for the Jbc8L baryons
with the scalar diquark. Unlike the case of baryons with
single heavy quark@9#, there is the only independent curre
component for each ground state. We find

JJ
QQ8
8L 5@QiTCtg5Qj8#qk« i jk ,

JJ
QQ
L 5@QiTCtgmQj #gmg5qk« i jk , ~1!

J
J

QQ* L
n

5@QiTCtgnQj #qk« i jk1
1

3
gn@QiTCgmQj #gmqk« i jk ,

whereJ
J

QQ* L
n

satisfies the spin-3/2 conditiongnJ
J

QQ* L
n

50. The

flavor matrixt is antisymmetric forJbc8L and symmetric for
JQQ

L and JQQ* L . Here T means transposition, andC is the
charge-conjugation matrix.

To compare the definition of baryonic currents with t
full QCD analysis, we represent the expression for theJJ

bc8L

current given in@6#

JJ
bc8L5$r 1@uiTCg5cj #bk1r 2@uiTCcj #g5bk

1r 3@uiTCg5gmucj #gmbk%« i jk , ~2!

so that the NRQCD structure can be obtained by the ch
of r 15r 251 andr 350 and the antisymmetric permutatio
of c and b flavors. This connection can be achieved by t
nonrelativistic limit of full QCD spinors of heavy quarks, s
that in the leading order of 1/mQ expansion, the ‘‘large’’
components of spinors contribute only. Therefore, for
ground states of doubly heavy baryons containing the he
quarks with the identical flavors, the leading approximat

1The superscriptL denotes various electric charges depending
the flavor of the light quark.
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of NRQCD leads to the only structure of baryonic curre
expressed in terms of nonrelativistic spinors of heavy qua
since the total spin of heavy diquark is fixed byS51 be-
cause of the Pauli principle. The corrections of the first 1/mQ
order can contribute with the other Lorentz structures,
course. However, we deal with the leading approximation
NRQCD in the present paper. For the ground states of d
bly heavy baryons containing the heavy quarks with the d
ferent flavors, the 1/2-spin state of baryon can contain
mixture of diquark states withS51 andS50, as it does in
full QCD. We perform the separate consideration of the
two currents in NRQCD, and such an approach is gener
not optimal in full QCD currents. Nevertheless, as we sho
in the leading order of NRQCD, there are relations betwe
the masses and coupling constants of baryons because o
spin symmetry, so that the NRQCD does not distingu
these spin states until the spin dependent 1/mQ corrections
are taken into account. In addition, as we have already m
tioned, the analysis in the sum rules of full QCD was do
with a large uncertainty because of a difference in the eva
ations of coupling constants from two correlation functio
@6#, and the authors noted that this uncertainty became la
in a region of parametersr 1,2 defined above, so that thi
region of bad accuracy is placed in the vicinity of point gi
ing the NRQCD choice in Eq.~2!.

The matrix structure of the correlator for two baryon
currents with the spin of 1/2 has the form

P~w!5 i E d4x eipx^0uTJ~x!,J̄~0!u0&5v”F1~w!1F2~w!,

~3!

where w is defined by p25(M1w)2, M5mQ1mQ8
1ms ,mQ,Q8 are the heavy quark masses, andms is
the strange quark mass. The appropriate definitions
scalar formfactors for the 3/2-spin baryon are given by
following:

Pmn~w!5 i E d4x eipx^0uT$Jm~x!,J̄n~0!%u0&

52gmn@v” F̃1~w!1F̃2~w!#1¯ , ~4!

where we do not concern distinct Lorentz structures. T
scalar correlatorsF can be evaluated in a deep Euclide
region by employing the operator product expansion~OPE!
in the framework of NRQCD,

F1,2~w!5(
d

Cd
~1,2!~w!Od , ~5!

whereOd denotes the local operator with a given dimensi
d: O051̂, O35^q̄q&, O45^(as /p)G2&,..., and thefunc-
tions Cd(w) are the corresponding Wilson coefficients
OPE. For the contribution of quark condensate operator
explore the following OPE up to the terms of the fourth ord
in x ~the derivation is presented in the Appendix!:

n

2-2
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^0uTsi
a~x!s̄j

b~0!u0&

52
1

12
dabd i j ^s̄s&F 11

x2~m0
222ms

2!

16

1

x4Fp2K as

p
G2L 2

3

2
ms

2~m0
22ms

2!G
288

G
1 imsd

abxmg i j
m^q̄q&F 1

48
1

x2

242 S 3m0
2

4
2ms

2D G .
~6!

Note that atmsÞ0 the expansion of the quark condensa
gives contributions in both correlators in contrast with t
sum rules forJQQ8 @7#, where puttingms50 and neglecting
the higher condensates, the authors found the factorizatio
diquark correlator inF2 and a full baryonic correlator inF1 .
This fact was the physical reason for a large uncertainty
the SR method in the consideration of Ref.@7#, until the
higher-order condensates were included in the calculatio

Indeed, if the light quark is massless, then in NRQCD
light quark condensate contributes to theF2 correlators,
only. This fact has a simple physical explanation: to the le
ing order the light quark operator can be factorized in
expression for this correlation function of baryonic curren
So, we can write down for the condensate contribution

^0uT$J~x!,J̄~0!%u0&5^0uT$qi
a~x!qi

2a~0!%u0&

3
1̂

12
^0uT$Jd

j ~x!,J̄d
j ~0!%u0&1¯ ,

whereJd
j (x) denotes the appropriate diquark current with t

color index j, as it is defined by the structure of chos
baryonic currents. Then, we see that the restriction by
first term independent ofx in the expansion for the quar
correlator results in the independent contribution of the
quark correlator to the baryonic one. Since the diquark c
relator is isolated inF2 , the corresponding NRQCD sum
rules lead to the evaluation of diquark mass and coupli
from F2 , which are different from the estimation of baryo
masses and couplings fromF1 . The positive point is the
possibility to calculate the binding energy for the doub
heavy baryonsL̄5MJ2Mdiq ~see Ref.@7#!. The disadvan-
tage is the large uncertainty of NRQCD sum rules at t
stage, since the various correlation functions lead to the
ferent results. In the sum rules of full QCD, various choic
of parameters in the definitions of baryonic currents resul
an admixture of pure diquark correlator in various functio
so that the accuracy of estimations is low. Say, the cha
teristic ambiguity in the evaluation of baryon mass in f
QCD is about 300 MeV, i.e., the value close to the expec
estimate ofL̄. The analysis in the framework of NRQCD
makes this result to be not unexpectable. Moreover, i
quite evident that the introduction of interactions betwe
the light quark and the doubly heavy diquark destroys
01400
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factorization of the diquark correlator. Indeed, we see t
due to both the higher terms in the expansion for the li
quark condensate and the nonzero quark mass, the diq
factorization is explicitly broken, which has to result in
better accuracy of estimates obtained fromF1 and F2 . Be-
low we show numerically that this fact is valid.

We write down the Wilson coefficient in front of unity
and quark-gluon operators by making use of the dispers
relation overw,

Cd~w!5
1

p E
0

` rd~v!dv

v2w
, ~7!

wherer denotes the imaginary part in the physical region
NRQCD.

To relate the NRQCD correlators to the real hadrons,
use the dispersion representation for the two point funct
with the physical spectral density given by the appropri
resonance and continuum part. The coupling constants
baryons are defined by the following expressions:

^0uJ~x!uJ~V!QQ
L ~p!&5 iZJ~V!QQ

L u~v,MJ~V!!e
ipx,

^0uJm~x!uJ~V!QQ* L~p,l!&5 iZJ~V!QQ* Lum~v,MJ~V!eipx,

where the spinor field with the four-velocityv and massM
~the mass of baryon! satisfies the equationv”u(v,M )
5u(v,M ), andum(v,M ) denotes the transversal spinor.

Then we use the nonrelativistic expressions for the ph
cal spectral functions

r1,2
phys~v!5

M

2M uZu2d~L̄2v!, ~8!

where we have performed the substitutiond(p22M2)
→(1/2M)d(L̄2v); hereL̄ is the binding energy of baryon
and M5M1L̄. The nonrelativistic dispersion relation fo
the hadronic part of sum rules has the form

E r1,2
physdv

v2w
5

1

2M
uZu2

L̄2w
. ~9!

We suppose that the continuum densities starting from
thresholdvcont are modeled by the NRQCD expression
Then, in the sum rules equalizing the correlators in NRQC
and those given by the physical states, we assume the m
of continuum given by the calculated perturbative term. T
model cannot be exact because of binding effects as we
the truncation of perturbative expansion in the given orde
as . Therefore, the integration abovevcont cannot be strictly
canceled, and the model introduces the implicit depende
on the choice of valuevcont. This dependence causes a
uncertainty, which is not essential in comparison with unc
tainties following from other sources and the variation
quark masses. Further, we write down the correlators in
deep underthreshold point ofw52M1t with t→0.

Now the sum rules in the scheme of moments, with
spect tot, can be written down as follows:
2-3
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1

p E
0

vcont r1,2dv

~v1M!n 5
M

2M
uZu2

Mn , ~10!

wherer j contains the contributions given by various ope
tors in OPE for the corresponding scalar functionsF j . Intro-
ducing the following notation for thenth moment of two
point correlation function:

Mn5
1

p E
0

vcont r~v!dv

~v1M!n11 , ~11!

we can obtain the estimates of baryon massM, for example,
as the following:

M @n#5
Mn

Mn11
, ~12!

and the coupling is determined by the expression

uZ@n#u25
2M
M

MnMn11, ~13!

where we see the dependence of sum rule results on
scheme parameter.

B. Calculating the spectral densities

In this section we present analytical expressions for
perturbative spectral functions in the NRQCD approxim
tion. The evaluation of spectral densities involves the st
dard use of Cutkosky rules@10#, with some modification mo-
tivated by NRQCD:

heavy quark:
1

p02~m1p2/2m!
→2p id@p02~m1p2/2m!#,

light quark:
1

p22m2 →2p id~p22m2!.

We derive the spin-symmetry relations for all the spec
densities, due to the fact that in the leading order of
heavy quark effective theory, the spins of heavy quarks
decoupled, so

r1,V
QQ
L 53r1,V

QQ8
8L 53r1,V

QQ* L, ~14!

r2,V
QQ
L 53r2,V

QQ8
8L 53r2,V

QQ* L, ~15!

and we have the following relation for the baryon couplin
in NRQCD:

uZVu253uZV8u
253uZV* u2. ~16!

Using the smallness of the strange quark mass we use
following expansions inms for the perturbative spectral den
sities standing in front of unity operator@mQQ8
5mQmQ8 /(mQ1mQ8) is the reduced diquark mass,Mdiq
5mQ1mQ8#:
01400
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r1,V
QQ8
8L ~v!5

&~mQQ8v!3/2

15 015p3~Mdiq1v!3 @h1,0~v!1msh1,1~v!

1ms
2h1,2~v!#, ~17!

where we have found

h1,0~v!516v2~429Mdiq
3 1715Mdiq

2 v1403Mdiqv
2177v3!,

h1,1~v!5104v~231Mdiq
3 1297Mdiq

2 1121Mdiqv
2115v3!,

~18!

h1,2~v!5
10

~Mdiq1v!2 ~3003Mdiq
5 19009Mdiq

4 v

19438Mdiq
3 v214290Mdiq

2 v3

1871Mdiqv
4177v5!.

The first term of this expansion reproduces the result
tained in Ref.@7#. A new feature is the appearance of no
zero perturbativer2,V

QQ8
8L density, which is proportional to

ms

r2,V
QQ8
8L ~v!5

2&v~mQQ8v!3/2ms

105p3~Mdiq1v!2 ~h2,01msh2,11ms
2h2,2,

~19!

and

h2,0542v~Mdiq
2 148Mdiqv114v2!,

h2,153~35Mdiq
2 128Mdiqv15v2!, ~20!

h2,25
1

~Mdiq1v!2 ~105Mdiq
3 1315Mdiq

2 v

1279Mdiqv
2177v3!.

The account for the Coulomb-like interaction leads to t
finite renormalization of the diquark spectral densities bef
the integration over the diquark invariant mass by the int
duction of Sommerfeld factorC, so that

rdiquark
C 5rdiquark

bare C ~21!

with

C5
2pas

3vQQ8
F12expS 2

2pas

3vQQ8
D G21

, ~22!

wherev12 denotes the relative velocity of heavy quarks i
side the diquark, and we have taken into account the c
antitriplet structure of diquark. The relative velocity is give
by the following expression:

vQQ85A12
4mQmQ8

Q22~mQ2mQ8!
2, ~23!
2-4
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whereQ2 is the square of heavy diquark four momentum.
NRQCD we take the limit of low velocities, so that denotin
the diquark invariant mass squared byQ25(Mdiq1e)2, we
find

C5
2pas

3vQQ8
, vQQ8

2
5

e

2mQQ8
,

at e!mQQ8 .
The corrected spectral densities are equal to

r1
C~v!5

mQQ8
2 asv~2Mdiq1v!

6p2~Mdiq1v!3 ~h1,0
C 1msh1,1

C 1ms
2h1,2

C !,

~24!

where

h1,0
C 5~2Mdiq1v!2v2,

h1,1
C 5

3~2Mdiq1v!v

~Mdiq1v!
~4Mdiq

3 16Mdiq
2 v14Mdiqv

21v3!,

~25!

h1,2
C 5

1

~Mdiq1v!2 ~12Mdiq
4 124Mdiq

3 v132Mdiq
2 v2

120Mdiqv
315v4!.

We see that the first term again reproduces the result of
@7#. For ther

2,V
QQ8
8L

C
we find

r2
C5

msmQQ8
2

~2Mdiq1v!vas

2p~Mdiq1v!2 ~h2,0
C 1msh2,1

C 1ms
2h2,2

C !,

~26!

h2,0
C 5~2Mdiq1v!v,

h2,1
C 5

2

Mdiq1v
~2Mdiq

2 12Mdiqv1v2!, ~27!

h2,0
C 5

2

~Mdiq1v!2 ~2Mdiq
2 12Mdiqv1v2!.

The use of these expansions numerically leads to very s
deviations from the exact integral representations of spec
densities~about 0.5%!, but they are more convenient in ca
culations.

The contribution to the moments of the spectral densi
determined by the light quark condensate can be calcul
by the exploration of Eq.~6!,
01400
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Mq̄q
~1!~n!52

~n11!!

n!
P1Mdiq~n11!

1
~n13!!

n!
P3Mdiq~n13!,

~28!

Mq̄q
~2!5P0Mdiq~n!2

~n12!!

n!
P2Mdiq~n12!

1
~n14!!

n!
P4Mdiq~n14!,

where we have introduced the coefficients of expansionx
by Pi @see Eq.~6! and Appendix#. The nth moment of two-
point correlator function of diquark is denoted byMdiq(n).
Then the diquark spectral density takes the following form

rdiq5
12&mQQ8

3/2 Av

p
, ~29!

which has to be multiplied by the Sommerfeld factorC,
wherein the variablee is substituted byv, since in this case
there is no integration over the quark-diquark invariant ma
This corrected density is

rdiq
C 5

48pasmQQ8
2

3
, ~30!

and it is independent ofv.
The corrections due to the gluon condensate are given

the density

r1
G2

~v!5
~mQ

2 1mQ8
2

111mQmQ8!mQQ8
5/2 Av

213210&pmQ
2 mQ8

2
~Mdiq1v!2

3~h1,0
G2

1msh1,1
G2

1ms
2h1,2

G2
!, ~31!

with

h1,0
G2

584Mdiq
3 1196Mdiq

2 v1133Mdiqv
2111v3,

h1,1
G2

52
2~210Mdiq

3 170Mdiq
2 v121Mdiqv

213v3!

Mdiq1v
,

~32!

h1,2
G2

52
2~210Mdiq

3 170Mdiq
2 v121Mdiqv

213v3!

~Mdiq1v!2 ,

where we again make the expansion inms . In the case of
nonzero quark mass we get the nonzero density proporti
to ms

r2
G2

~v!5
ms~mQ

2 1mQ8
2

111mQmQ8!mQQ8
5/2 Av

3329&pmQ
2 mQ8

2
~Mdiq1v!

3~h2,0
G2

1msh2,1
G2

!, ~33!

with
2-5
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h2,0
G2

52~9Mdiq1v!,
~34!

h2,1
G2

5
9Mdiq1v

Mdiq1v
.

For the product of condensates^q̄q&^(as /p)G2&, wherein
the gluon fields are connected to the heavy quarks, it is c
venient to compute the contribution to the two-point corre
tion function itself. We have found

F2
q̄qG2

~v!52
mQQ8

5/2
~mQ

2 1mQ8
2

111mQmQ8!

29&pmQmQ8~2v!5/2
, ~35!

and we putF1
q̄qG2

(v)50, since we have restricted the d
mension of condensate operators, while the correspon
term in F1 would appear in the fifth order in expansion~6!.
The result is given in the form, which allows the analytic
continuation overv52M1w.

C. Matching with full QCD

To connect the NRQCD sum rules to the baryonic co
plings in full QCD we have to use the relation

JQCD5KJ~as ,msoft,mhard!J
NRQCD,

where the coefficientKJ(as ,msoft,mhard) depends on the sof
normalization scalemsoft. The K factor obeys the matching
condition at the hard scalemhard5Mdiq and is determined by
the anomalous dimensions of effective baryonic curre
which are independent of the diquark spin in the lead
order. They are known up to the two-loop accuracy@11#. In
our consideration, we use the one-loop accuracy, since
subleading corrections in the firstas order are not available
yet. So

g5
d lnKJ~as ,msoft,mhard!

d ln~m!
5 (

m51

` S as

4p D m

g~m!,

~36!
g~1!5@22CB~3a23!13CF~a22!#,

where CF5(Nc
221)/2Nc , CB5(Nc11)/2Nc , for Nc53,

and a is the gauge parameter. In the Feynman gaugea51,
and we getg (1)524. So, in the leading logarithmic approx
mation and to the one-loop accuracy we find

KJ~as ,msoft,mhard!5S as~mhard!

as~msoft!
D g~1!/2b0

, ~37!

where b051122/3NF59. Further, we determine the so
normalization scale for the NRQCD estimates by the aver
momentum transfer inside the doubly heavy diquark, so
msoft

2 52mQQ8Tdiq , where Tdiq is the kinetic energy in the
system of two heavy quarks, which is phenomenologica
independent of the heavy quark flavors and approxima
equal to 0.2 GeV@12#. Then, the coefficientsKJ are equal to

KVcc
'1.95, KVbc

'1.52, KVbb
'1.30, ~38!
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with the characteristic uncertainty of about 10% basica
due to the variation of hard and soft scale pointsmhard, soft.
Note that the values ofKJ do not change the estimates
baryon masses, but they are essential in the evaluatio
baryon couplings@13#.

III. NUMERICAL RESULTS

Evaluating the two-point sum rules, we explore t
scheme of moments. We point out the well-known fact th
an essential part of uncertainties is caused by the variatio
heavy quark masses. Indeed, the results of sum rules fo
systems containing two heavy quarks strongly depend on
choice of masses, and this fact allows one to pin down
values of masses with a high precision@14#. In order to avoid
effects caused by a slow convergency of perturbative exp
sion in QCD or a renormalon ambiguity@15#, the authors of
Ref. @14# performed the analysis in the schemes with t
short-distance running heavy quark masses or the quant
which are defined in the way free of renormalon contrib
tions. These infrared stable masses have a slow varia
with respect to the normalization point and the order ofas in
contrast to the perturbative pole mass of heavy quark.
these quantaties determine the thereshold of quark loop
tribution independently of the order of perturbative calcu
tions in as .

To the given order inas for the NRQCD sum rules, we
use the leading quark loop approximation to account for
Coulomb exchange between the heavy quarks. At this s
the heavy quark masses and Coulomb coupling constant
strictly fixed by the data on the charmonium and bottom
nium leptonic constants and the masses as described b
QCD sum rules to the same accuracy. The stability or c
vergency of the sum-rule method applied to these he
quarkonia,2 results in the masses of quarks, which agree w
with the values of heavy quark masses defined as free
infrared contributions; the potential subtracted mass

mb
PS54.6060.11 GeV,

and the kinetic mass

mb
kin54.5660.06 GeV,

both obtained in strict three-loop analyses of QCD sum ru
for the bottomonium@14#. The corresponding1S mass de-
fined by A. Hoang has a slightly larger value. These m
values are dependent of the normalization point, which w
chosen in the range of 1–2 GeV. In the quark loop calcu
tions for the bottomonium~see Fig. 1! and charmonium we
find the optimal values

mc51.4060.03 GeV, mb54.6060.02 GeV,

2We have required that the ratio of initial moments for the spec
densities calculated over the data and in QCD sum rules would
stable.
2-6
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where possible systematic errors are not included. We s
good agreement between the estimates of bottom quark m
in Ref. @14# and the values following from the accepted a
proximation. The analysis for the charmed quark mass~see
the reference to Narison in Ref.@14#! is not so accurate
though the agreement is also good.

Nevertheless, we slightly enlarge the region of ma
variation, so that we accept

mc51.3521.45 GeV, mb54.5624.64 GeV.

The same sum rules are also explored to estimate the
plings determining the Coulomb-like interactions inside t
heavy quarkonia

as~bb̄!50.37, as~cb̄!50.45, as~cc̄!50.60, ~39!

since they fix the absolute normalization of correspond
leptonic constants known experimentally. The calculated v
ues of coupling constant characteristics for the charmon
and bottomonium are consistent with the estimates give
Ref. @16#.

Since the squared size of the diquark is two times lar
than that of the meson, the effective Coulumb constants h
to be rescaled according to the equation of evolution
QCD. We use the one-loop evolution equation

as~QQ8!5
as~QQ̄8!

12~9/4p!as~QQ̄8! ln 2
.

So,

as~bb!50.45, as~bc!50.58, as~cc!50.85. ~40!

The values of condensates are taken in the ranges^q̄q&
52(0.26– 0.27 GeV)3, m0

250.75– 0.85 GeV2, ^(as /p)G2&
5(1.7– 1.8)31022 GeV4.

The modern review on the values of light quark mas
and condensates can be found in Ref.@17#, where we read

FIG. 1. The leptonic constant ofY in two-point sum rules in the
scheme of moments of spectral density; the dashed line gives
result at mb54.63 GeV, while the solid line does atmb

54.59 GeV.
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off ^s̄s&/^q̄q&50.760.2, (mu1md)@1 GeV#513.161.5
61.3 MeV, andms(1 GeV)5166.7618.8 MeV. We use the
variation of parameters in the range, which is in a go
agreement with values given above as well as with the c
servative estimates:^ s̄s&/^q̄q&50.860.2 that corresponds to
the variations of the sum (mu1md)@1 GeV#512– 14 MeV
@18#. The strange quark mass is taken in the rangems
5150–200 MeV.

So, we have described the set of parameters entering
scheme of calculations. In Figs. 2–4 we present the result
the two-point sum rules for the masses ofJbc andVbc ~the
figures for the other baryons are similar!. For theVbc bary-
ons one can observe the stability of mass with respect to
changing of the moment numbers in both correlators.
suppose it is connected with the destroying of diquarkV
baryon factorization in the perturbative limit in contrast
the J baryons. The stability regions forF1 and F2 do not
coincide because the contributions of higher-dimension
erators become valuable at the different numbers of m
ments. However, the quantity 1/2(M1@n#1M2@n#) has the
larger stability region, and we explore this fact to determ
the V baryons masses as well as that ofJ baryons. The
theoretical uncertainties in theV-baryon masses are mainl
determined by the difference between the values of bar
masses at the regions of stability.

he

FIG. 2. TheJbc ~lower curve! and Vbc ~upper curve! masses
obtained in the NRQCD sum rules from the first correlatorF1 .

FIG. 3. TheJbc ~lower curve! and Vbc ~upper curve! masses
obtained in the NRQCD two-point sum rules from the second c
relatorF2 .
2-7
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We have shown the variation of mass estimates for
Vbb baryon from the correlation functionsF1,2 versus the
mixed condensate valuem0

2 in Fig. 5 and versus the strang
quark mass in Fig. 6.

Then, we investigate the difference between the mas
1/2@(M1,V1M2,V)2(M1,J1M2,J)# shown in Fig. 7. In our
scheme of baryon masses determination, this quantity ha
meaning of the difference between theV and J baryon
masses. It has the large region of stability and is determi
with a good precision. We obtain

DM5MVbb
2MJbb

5MVcc
2MJcc

5MVbc
2MJbc

5100630 MeV.

The uncertainty in theJ-baryons masses are determin
through the uncertainty in theV-baryons masses and that

FIG. 4. TheJbc ~lower curve! and Vbc ~upper curve! masses
obtained by averaging the results from both correlators.

FIG. 5. The mass ofVbb baryon in two-point sum rules in the
scheme of moments of spectral density from two correlation fu
tionsF1 andF2 ~upper and lower shaded regions! with the variation
of m0

250.75–0.80 GeV2.
01400
e
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the
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DM . So, for the masses we find the following results:

MVcc
53.6560.07 GeV, MJcc

53.5560.08 GeV,

MVbc
56.8960.07 GeV, MJbc

56.7960.08 GeV,
~41!

MVbb
510.0960.07 GeV, MJbb

510.0060.08 GeV.

The obtained values are in agreement with the calculation
the framework of nonrelativistic potential models@19,20#,
though the models based on the calculation of three-b
systems with the pair interactions@20# give slightly higher
values of masses. In Ref.@7# the other method of baryon
mass determination was used, since the quantitiesM1,J and
M2,J , separately, have no good stability in the sum rul
So, the difference ofM12M2 close to zero was stable. Th
use of 1/2(M11M2) stability criterion results in theJQQ8
masses coinciding with those of Ref.@7# up to 10 MeV.
Figures 8 and 9 show the dependence of baryon coupl
calculated in the moment scheme of NRQCD sum rules. N
merically, we find

-

FIG. 6. The mass ofVbb baryon in two-point sum rules in the
scheme of moments of spectral density from two correlation fu
tionsF1 andF2 ~upper and lower shaded regions! with the variation
of ms50.15–0.20 GeV.

FIG. 7. The mass differenceDM5MVbc
2MJbc

obtained from
the results shown in Fig. 4.
2-8
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uZVcc
u25~10.061.4!31023 GeV6,

uZJcc
u25~7.261.0!31023 GeV6,

uZVbc
u25~15.661.9!31023 GeV6,

~42!
uZJbc

u25~11.661.2!31023 GeV6,

uZVbb
u25~6.061.0!31022 GeV6,

uZJbb
u25~4.260.7!31022 GeV6.

In Fig. 10 we present the sum rules results for the ratio
baryonic constantsuZVbc

u2/uZJbc
u2. We have also found

uZVbc
u2/uZJbc

u25uZVcc
u2/uZJcc

u2

5uZVbb
u2/uZJbb

u2

51.360.2.

FIG. 8. The couplinguZVbc

(1,2)u2 calculated in NRQCD sum rule
for the form factorsF1 andF2 ~solid and dashed lines, correspon
ingly! in the scheme of moments for the spectral densities.

FIG. 9. The couplingsuZJbc

(1,2)u2 calculated in NRQCD sum rule
for the form factorsF1 andF2 ~solid and dashed lines, correspon
ingly! in the scheme of moments for the spectral densities.
01400
f

The uncertainty of this result, as mentioned above, is ma
connected with the little known ratio of̂s̄s&/^q̄q&50.8
60.2.

For the sake of comparison, we derive the relation
tween the baryon coupling and the wave function of the d
bly heavy baryon evaluated in the framework of potent
model, where we have used the approximation of qua
diquark factorization. So, we find

uZPMu52)uCd~0!C l ,s~0!u, ~43!

whereCd(0) andC l ,s(0) denote the wave functions at th
origin for the doubly heavy diquark and light~strange!
quark-diquark systems, respectively. In the approximat
used, the values ofC~0! were calculated in Ref.@19# in the
potential by Buchmu¨ller-Tye @21#, so that

A4puC l~0!u50.53 GeV3/2,

A4puCs~0!u50.64 GeV3/2,

A4puCcc~0!u50.53 GeV3/2,

A4puCbc~0!u50.73 GeV3/2,

A4puCbb~0!u51.35 GeV3/2.

In the static limit of potential models, these parameters re
in the estimates

uZVcc

PM u258.831023 GeV6, uZJcc

PM u256.031023 GeV6,

uZVbc

PM u251.631022 GeV6, uZJbc

PM u251.131022 GeV6,

~44!
uZVbb

PM u255.631022 GeV6, uZJbb

PM u253.931022 GeV6.

The estimates in the potential model~44! are close to the
values obtained in the sum rules of NRQCD~42!. We also
see that the SU~3!-flavor splitting for the baryonic constant
uZVu2/uZJu2 is determined by the ratiouCs(0)u2/uC l(0)u2

FIG. 10. The ratiouZVbc
u2/uZJbc

u2 calculated in NRQCD sum
rules in the scheme of moments for the spectral densities
^s̄s&/^q̄q&50.8.
2-9



h
lt

on
y

s

bl
a

he

c
o
on
te
n
u
re
gr

nt

fo
th
-0

in
rk

e

pe
-

atic

an-

y

i-

c-
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51.45, which is in agreement with the sum-rules result. T
values obtained in the NRQCD sum rules have to be mu
plied by the Wilson coefficients coming from the expansi
of full QCD operators in terms of NRQCD fields, as the
have been estimated by use of corresponding anomalou
mensions. This procedure results in the final estimates

uZVcc
u25~3866!31023 GeV6,

uZJcc
u25~2764!31023 GeV6,

uZVbc
u25~3665!31023 GeV6,

~45!
uZJbc

u25~2764!31023 GeV6,

uZVbb
u25~1062!31022 GeV6,

uZJbb
u25~7069!31023 GeV6.

IV. CONCLUSION

In this paper the NRQCD sum rules applied to the dou
heavy baryons have been considered. The nonrelativistic
proximation for the heavy quark fields allows us to fix t
structure of baryonic currents~the light quark-doubly heavy
diquark! and to take into account the Coulomb-like intera
tions inside the doubly heavy diquark. The presence of b
the nonzero mass of light quark and the contribution of n
perturbative terms of the quark, gluon, mixed condensa
and the product of condensates, destroys the factorizatio
the correlators. This fact provides the convergency of s
rules for each correlator and allows us to obtain reliable
sults for the masses and baryonic constants, which a
with the estimates in the framework of potential models. W
also have calculated the mass splitting ofV and J doubly
heavy baryons and the ratio of baryonic consta
uZVu2/uZJu2.
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APPENDIX

Here the derivation of expansion~6! is briefly presented.
The calculations are done in the technique of fixed po
gauge@22#, so we write down the expansion of the qua
field:

q~x!5q~0!1xaDaq~0!1
1

2
xaxbDaDbq~0!1¯ ,

and in the evaluation of̂0uTqi
a(x)q̄ j

b(0)u0&, where i and j
are the spinor indices, anda, b are the color indices, we hav
01400
e
i-

di-

y
p-

-
th
-
s,
of

m
-
ee
e

s

r
e
2-

t

to know how to get the vacuum average of ty
^0uDa ...Dvq(0)q̄(0)u0&. The main formulas are the fol
lowing:

The definitions of condensates

^qi
a~0!qj

2b~0!&052
1

12
dabd i j ^q̄q&,

^Gab
a Ga8b8

a8 &5
daa8

96
~gaa8gbb82gab8ga8b!^G2&,

^q̄igGab
a tasabq&05m0

2^q̄q&,

the commutator of covariant derivatives

@Da ,Db#52 igGab
a ta,

and the equation of motion for the spinor field

D” q52 imqq.

From the last two equations we derive the so-called quadr
Dirac equation

D2q52mq
2q1

sab

2
igGab

a taq.

Now it is an easy challenge to obtain the first term in exp
sion ~6!.

Since the tensorxa ...xv is the symmetric one, we ma
perform the symmetrization

Da ...Dv→$Da ,...,Dv%1 ,

to find the nth term of expansion for̂ q̄(x)q(0)&, which
equals

1

n!
xa ...xv^q̄~0!Da ...Dvq~0!&

5
1

n!
xa ...xv^q̄~0!$Da ,...,Dv%1q~0!&.

Note, the tensor̂q̄(0)$Da ...Dv%1q(0)& is also a symmetric
one.

The second term of expansion is derived from

^$Da ,Db%1qr
i ~0!q̄h

j ~0!&522!P2gabd i j drh^q̄q&,

and the coefficientP is determined by contracting the ind
cesa, b and using the quadratic Dirac equation

P25~m0
222mq

2!/192.

The third term can be derived from the following stru
ture:

^$Da ,Db ,Dd%1qr
i ~0!q̄h~0!&

523!P3d i j @~ga!rhgbd1~gb!rhgad

1~gd!rhgab#^q̄q&.
2-10
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Then, contractinga andb and using the equation of motion
the quadratic Dirac equation, and the commutation relat
we obtain

P352 imq~3m0
2/42mq

2!/576.

This includes the evaluation of vacuum averages

^D2Daq~0!q̄~0!&, ^DbDaDbq~0!q̄~0!&,

and

^DaD2q~0!q̄~0!&.

Considering the structure

^$Da ,Db ,Dd ,Dj%1qr
i ~0!q̄h~0!&

524!P4d i j drh~gabgdj1gadgbj1gajgdb!^q̄q&
.

s.

al
on
71
o,

l.
d

n

01400
n,
contracted over any pair of indices, we derive

P45@p2^a3 /pG2&13/2mq
2~mq

22m0
2!#/3456.

Here we evaluated the following types of vacuum expec
tions:

^D2D2q~0!q̄~0!&, ^DaDbDaDbq~0!q̄~0!&,

^DaD2Daq~0!q̄~0!&.

Then the OPE for the quark condensate can be expre
in terms ofPi by

^qr
i ~x!q̄h

j ~0!&52d i j ^q̄q&~P0drh1P1xagrh
a 1P2drh x2

1P3xagrh
a x21P4drh x4!,

with P051/12, andP152 imq/48.
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